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Caliendo, Dvorkin, and Parro (2019)



EQUILIBRIUM

» Time-varying fundamentals: O; = {A4;, K¢}

» Constant fundamentals: © = {T, H, b}
» Parameters: {v,§,¢,a,5,0,v}

> Static variables: {wy,m, X;}

» Dynamic variables: {Ly, s, Vi }

» Temporary equilibrium: {w;, 7, X} that solve the static subproblem given {L;, 9;, ©}
»> Equations: unit price, price index, trade share, market clearing (goods, labor, structures)

> Sequential competitive equilibrium: {Ly, pe, Vi, we( Ly, Oy, ©)} that solve the dynamic + static
subproblems given {Lg, ©;, 0}
> Equations: worker value function, migration share, law of motion for labor

» Stationary equilibrium: {L¢, e, Vi, we(Le, ©¢, ©)} are constant
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DATA AND ESTIMATION

» Data: m, wy Ly + 7 Hy, Ly,

v

Calibrate v, &, a, ¢ from data

> 3=0.99

v

0 from Caliendo and Parro (2015)

v

Estimate v from model-implied migration shares

log( J, k/ﬂtj’ J) c+ = log(th/wt“)+Blog(ﬂti1k/ut+1 )+Wt+1

v

Need data for at least two years to estimate v; otherwise, only need data for one year
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DyNaMic HAT ALGEBRA

’
> = %;

» Some common operations:
N i - N oy
1.z =T, 2 = &=[[_, &

B
2. x = (Z;N:1 ocia:i) — T = (E

» Dynamic hat algebra: change is defined over time &; =

» Idea: find the equilibrium without

B
QL4 .
N ooz Li
J=1%%;

Xt
Tt—1

knowing fundamentals and solving the DP problem

» Dynamic hat algebra for counterfactuals: difference-in-difference, over time and over different

paths of fundamentals
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SEQUENTIAL COMPETITIVE EQUILIBRIUM (1/2)

» One layer of difference (over time)
» Initialize algorithm with:

1. Initial allocation: Lo, 7o, Xo, pi—1 )
2. A convergent path of changes in fundamentals: {O}

» Fixed point algorithm
1. Guess a convergent path for value functions {t;y1}, lim_ oo U1 = 1

2. Simulate forward using {41} to compute {ps41}:

ik [ ik \B/V
Iunj,ik: o N?J ’ (Uzzs]iz)
t+1 T N J jmh (.
Pomet hmo " (“;TZ

3. Simulate forward using {41} to compute {L;y1}:

N J
nj _ ik,nj rik
Ly, = Z Z By L

1=1 k=0

)ﬁ/”
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SEQUENTIAL COMPETITIVE EQUILIBRIUM (2/2)

4. Solve the temporary equilibrium for each ¢ to get {'Li}t+1, Pt+]} (see below)
5. Update {441} by simulating backwards:

v
nj N
nj thrl ]'Lk: ’Lk; 5/”
Ugyy = pni My t+2

t+1 i=1 k=0

6. Iterate steps 1-5 until convergence
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TEMPORARY EQUILIBRIUM (1/2)
» Given {L;,w;} (levels) and {L;;1,0;11} (changes), solve for {t1}
» Another fixed point algorithm

1. For every t, guess {1}
2. Solve for {41, Pt+1} from the following non-linear system using fixed point algorithm:

njen nj J nj,nk

(o) TL(7%)

S\ 167
nj,ij nj,ij - ij h
t+1 = E Ty (:Ct+1 t+1> (At+1>

ni \7
xt-s—l = (Lt+1>

3. Compute {m41}:
i angii\ —% A
J A3
nj,ij __ nj,ij ‘Tt+1l€t+1 Azg T
i1 = Tt pri t+1
t+1
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TEMPORARY EQUILIBRIUM (2/2)

4. Solve for {X¢41} from the following linear system:
J N J
XtTﬁ1 = Z ’Ynk’m Z 7Tz+f thil + o’ (Z w?flL?flw?kL?k + LnXt+1>
k=1 i=1 k=1

_ N J & ik ik ik Tik
where X1 =350 Doy e Wit Lt wi Ly

5. Update {w¢y1}:
N

.nj fnj o nirnj _ _nj n ij,nj yij
Wi Lyyqwy” Ly =y (1-&m") E T Xt
i=1

6. Iterate steps 1-5 until convergence
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COUNTERFACTUAL EQUILIBRIUM

v

Another layer of difference (over different paths of fundamentals)

v
Tyiq
Tyt

v

Define SEt+1 =

v

Initialize algorithm with:

1. Baseline allocation: {Lg¢, ¢, 7, X+ } (also know “dots”)
2. A counterfactual convergent path of changes in fundamentals: {©;}

v

Timing: unanticipated shocks at t =1

v

Algorithm is similar with slightly modified equation systems (essentially do hat algebra again)

8/19



COUNTERFACTUAL SEQUENTIAL COMPETITIVE EQUILIBRIUM (1/2)

1. Guess a convergent path for value functions {ds11}, lims oo tier1 =1, 4o =1

2. Simulate forward using {41} to compute {pz41}:

H

mjik __

,ugj sk ift=0
P (@) (@) " ift=1
Z 1Zh Olung ,mh (Amh)ﬁ/l’ (ﬁgnh)ﬁ/l’ B
m=
, ) B/
pe ™ (agk )" .

;mh -nj,mh B/v
Z 1Zh oﬂanm N?Jm (“t+1)

3. Simulate forward using {u},,} to compute {L}}:

/nj _ riknj rrik
T 9 ST

i=1 k=0
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COUNTERFACTUAL SEQUENTIAL COMPETITIVE EQUILIBRIUM (2/2)

4. Solve the temporary equilibrium for each ¢ to get {’l,bt+1, PtH} (see below)
5. Update {d;y1} by simulating backwards:

( ) (Z Z M/njlzkﬂ?j zk ﬁ;il)ﬁ/y> for ¢ > 9
ap = ik SR v
(Uiln > (Z Mllj,ik (ﬁik)ﬁ/y (,&ék)ﬁ/l’> for t =1
Pl 1=1 k=0

6. Iterate steps 1-5 until convergence
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COUNTERFACTUAL TEMPORARY EQUILIBRIUM (1/2)

1. For every t, guess {41}

2. Solve for {Z¢41, ]5,5+1} from the following non-linear system using fixed point algorithm:

) . ,yn]fn . ,yn,J N
~nj nj AM] nk
Lip1 = (Lt+1) (wt+1) H (Pt+1)

k=1

nj,nk

1/
N _gi 09~ 1/0
pnj mj,ij ~mnjij ( £33 ~nj,ij At
Piiy = E Te " T (%4—1’%4—1) (At+1)
i=1
3. Compute {mj,}:
97

50J angyig\ T 99 ~id
MG i e ngiig Tk Aid v
t+1 T Tt ¢ pri t+1
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COUNTERFACTUAL TEMPORARY EQUILIBRIUM (2/2)

4. Solve for {X{,,} from the following linear system:

J
/71] nk,nj rik,nk xrrik ~nk 7tnk , mkryimk nk n./
X = E 0 E T X + o wt+1L Vi LR LR+ O X

/szlzk

where X}, = Zz 1 Zk 11= 51wt+1Lt+1w wt+1Lt+1

5. Update {w41}:

n n
wnk ink _ J (1 — 6 z :7'['/” an/z]
t+1-t4+1 — w/nkLInkw nk: t+1 t+1
t t t+1 t+1 i=1

6. Iterate steps 1-5 until convergence
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Kleinman, Liu, and Redding (2023)



EqQuIiLiBRIUM (1/2)
» Parameters: {¢, 0,08, p, 1,0}
» Fundamentals: {2z, bit, Knit, Tnit }
—— ——

varying constant
» Initial condition: {fio, k‘zo}

» Endogenous variables: {w;s, Rit, Vit, Lit 1, Kit+1}
—_—— ——  —

static dynamic
1. Goods market clearing
N 1— -0
. — _ (wit (Cie /i) Tt/ 2it) _ SnitWniln
witliy = g SnitWntlnt,  Snit = <y - =5 Lint = Tl
n=1 Zmzl (wmt(gmt/kmt) MTnmt/zmt) Witkit

2. Capital market clearing

— phw;tlit N 1—p —9
Riy=(1-6 —|— AL DR w; Ui [l sy /2
t < M pztk1t> Prt Z ( t ( ) (Cit /kit) ¢/ t>

i=1

~1/0
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EQUILIBRIUM (2/2)

3. Worker value function

1
vy, = log by, + log (p ) + plog g exp ﬁEtUgt+1//ignt)) /e
nt
g=1

4. Population flow

1/p
exp(BEwY, 1 /Kqit)
gt+1 Zngtem Digt _ N( t gt+i} git ) 7
Zm:l (exp(ﬂEtvmtJrl/’y‘:mit))

5. Low of motion for capital

Pp—1 1 »
kity1 = (1 — o) Ritki, ;' =1+ BY (Et {thﬂgﬂ_l})
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EXISTENCE AND UNIQUENESS OF STEADY STATE

» Sufficient condition from Allen, Arkolakis, and Li (2023) generalizing Allen and Arkolakis
(2014)

> Coeflicient matrix of parameters (exponents) in the system of equation at steady state

-0 0 0 0

A [00-p) 1400 1 0
Blp  —B/lp 1 B

0 0 0 1

» Existence and uniqueness of equilibrium if spectral radius of A is less than or equal to one
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DATA AND ESTIMATION

> Data: 0y, ki, wily + riky, Dy, Sy

» Calibration
Yp=1, 0=5B=1(095° p=368, p=065 o6=1-/(0.95)°

Do comparative statics with respect to each parameter
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DyNAMIC HAT ALGEBRA - STATIC (1/2)

N Lo\ 178
. o . . l-u
Pit41 = (Z Simt (Timtwmt-i-l (5mt+1//€mt+1> /th+1> )

m=1

. } —0
) (%nit+1wit+1(Eit—i-l/kit—&-l)li#/éit—i-l)
Snit+1 -

—0
N . . 5 ; .
Emzl Snmt (Tnmt+lwmt+l(Emt-l-l/kmt-ﬁ—l)l_u/zmt—i-l)
N

. e o Snitwntent . €
Wit+1tit+1 = E =N &, Wnt+itnt+1
n=1 Zkzl SkitWrilrt

Apply the algorithm for temporary equilibrium as in CDP
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DyNaMIC HAT ALGEBRA - DyNAMIC (2/2)

1

. . ;
D . “gt+2/“git+1
igt+1 — 1

N . s
D m=1 Dimttlimet2/Rpip i1

N
lgi1 = Z Dol

=1

Eitr1 = (1 — Git) Ritkat

(R — (1—8)) = Z““i;“um —(1-4))
it+1%7t+1

_ Gi

Sit+1 = ﬁwasﬁ 1 —t

it

. 5 /N . A
. ; Wit+1 \ ° . .o
Uipr1 = (bitJrl Digttigt2/Fpi i

g=1

Apply the algorithm for sequential equilibrium as in CDP
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SPECTRAL ANALYSIS

v

Analytical characterization of the transition path

v

Linearized equilibrium conditions
%Xi11 = P%x, + Rf

» %; = logx: — logx™

> P, R are functions of parameters and observables

» Stability: spectral radius of P is less than one
Eigendecomposition: P = UAU!

» Eigenvalue Ay and eigenvector uy

v

» Eigen-shock: £ = R~ 'uy, with speed of convergence determined by A

» Higher Ag, higher persistence, slower convergence
» Rank shocks by persistence

v

All shocks as linear combinations of eigen-shocks; coefficients obtained from linear projection

» Loadings: importance of each eigen-component and eigenvalue
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