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Caliendo, Dvorkin, and Parro (2019)



Equilibrium

I Time-varying fundamentals: Θt = {At, κt}

I Constant fundamentals: Θ̄ = {Υ, H, b}

I Parameters: {γ, ξ, ι, α, β, θ, ν}

I Static variables: {wt, πt, Xt}

I Dynamic variables: {Lt, µt, Vt}

I Temporary equilibrium: {wt, πt, Xt} that solve the static subproblem given {Lt,Θt, Θ̄}
I Equations: unit price, price index, trade share, market clearing (goods, labor, structures)

I Sequential competitive equilibrium: {Lt, µt, Vt, wt(Lt,Θt, Θ̄)} that solve the dynamic + static
subproblems given {L0,Θt, Θ̄}
I Equations: worker value function, migration share, law of motion for labor
I Stationary equilibrium: {Lt, µt, Vt, wt(Lt,Θt, Θ̄)} are constant
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Data and Estimation

I Data: πt, wtLt + rtHt, Lt, µt

I Calibrate γ, ξ, α, ι from data

I β = 0.99

I θ from Caliendo and Parro (2015)

I Estimate ν from model-implied migration shares

log
(
µnj,nkt /µnj,njt

)
= C̃ +

β

ν
log
(
wnkt+1/w

nj
t+1

)
+ β log

(
µnj,nkt+1 /µnj,njt+1

)
+$t+1

I Need data for at least two years to estimate ν; otherwise, only need data for one year
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Dynamic Hat Algebra

I x̂ = x′

x

I Some common operations:

1. x =
∏N
i=1 x

αi
i =⇒ x̂ =

∏N
i=1 x̂

αi
i

2. x =
(∑N

i=1 αixi
)β

=⇒ x̂ =

(
αixi∑N
j=1 αjxj

x̂i

)β
I Dynamic hat algebra: change is defined over time ẋt = xt

xt−1

I Idea: find the equilibrium without knowing fundamentals and solving the DP problem

I Dynamic hat algebra for counterfactuals: difference-in-difference, over time and over different
paths of fundamentals

3 / 19



Sequential Competitive Equilibrium (1/2)

I One layer of difference (over time)

I Initialize algorithm with:

1. Initial allocation: L0, π0, X0, µ−1

2. A convergent path of changes in fundamentals: {Θ̇t}
I Fixed point algorithm

1. Guess a convergent path for value functions {u̇t+1}, limt→∞ u̇t+1 = 1

2. Simulate forward using {u̇t+1} to compute {µt+1}:

µnj,ikt+1 =
µnj,ikt

(
u̇ikt+2

)β/ν∑N
m=1

∑J
h=0 µ

nj,mh
t

(
u̇mht+2

)β/ν
3. Simulate forward using {µt+1} to compute {Lt+1}:

Lnjt+1 =

N∑
i=1

J∑
k=0

µik,njt Likt
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Sequential Competitive Equilibrium (2/2)

4. Solve the temporary equilibrium for each t to get
{
ẇt+1, Ṗt+1

}
(see below)

5. Update {u̇t+1} by simulating backwards:

u̇njt+1 =
ẇnjt+1

Ṗnjt+1

(
N∑
i=1

J∑
k=0

µnj,ikt

(
u̇ikt+2

)β/ν)ν

6. Iterate steps 1-5 until convergence
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Temporary Equilibrium (1/2)

I Given {Lt, wt} (levels) and {L̇t+1, Θ̇t+1} (changes), solve for {ẇt+1}
I Another fixed point algorithm

1. For every t, guess {ẇt+1}
2. Solve for {ẋt+1, Ṗt+1} from the following non-linear system using fixed point algorithm:

ẋnjt+1 =
(
L̇njt+1

)γnjξn (
ẇnjt+1

)γnj J∏
k=1

(
Ṗnkt+1

)γnj,nk

Ṗnjt+1 =

(
N∑
i=1

πnj,ijt

(
ẋijt+1κ̇

nj,ij
t+1

)−θj (
Ȧijt+1

)θjγij)−1/θj

3. Compute {πt+1}:

πnj,ijt+1 = πnj,ijt

(
ẋijt+1κ̇

nj,ij
t+1

Ṗnjt+1

)−θj (
Ȧijt+1

)σjγij
6 / 19



Temporary Equilibrium (2/2)

4. Solve for {Xt+1} from the following linear system:

Xnj
t+1 =

J∑
k=1

γnk,nj
N∑
i=1

πik,nkt+1 Xik
t+1 + αj

(
J∑
k=1

ẇnkt+1L̇
nk
t+1w

nk
t Lnkt + ιnχt+1

)

where χt+1 =
∑N
i=1

∑J
k=1

ξi

1−ξi ẇ
ik
t+1L̇

ik
t+1w

ik
t L

ik
t

5. Update {ẇt+1}:

ẇnjt+1L̇
nj
t+1w

nj
t L

nj
t = γnj (1− ξn)

N∑
i=1

πij,njt+1 X
ij
t+1

6. Iterate steps 1-5 until convergence
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Counterfactual Equilibrium

I Another layer of difference (over different paths of fundamentals)

I Define x̂t+1 =
ẋ′t+1

ẋt+1

I Initialize algorithm with:

1. Baseline allocation: {Lt, µt, πt, Xt} (also know “dots”)
2. A counterfactual convergent path of changes in fundamentals: {Θ̂t}

I Timing: unanticipated shocks at t = 1

I Algorithm is similar with slightly modified equation systems (essentially do hat algebra again)
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Counterfactual Sequential Competitive Equilibrium (1/2)

1. Guess a convergent path for value functions {ût+1}, limt→∞ ût+1 = 1, û0 = 1

2. Simulate forward using {u̇t+1} to compute {µt+1}:

µ′nj,ikt =



µnj,ik0 if t = 0

µnj,ik1

(
ûik1
)β/ν (

ûik2
)β/ν∑N

m=1

∑J
h=0 µ

nj,mh
1

(
ûmh1

)β/ν (
ûmh2

)β/ν if t = 1

µ′nj,ikt−1 µ̇nj,ikt

(
ûikt+1

)β/ν∑N
m=1

∑J
h=0 µ

′nj,mh
t−1 µ̇nj,mht

(
ûmht+1

)β/ν if t > 1

3. Simulate forward using
{
µ′t+1

}
to compute

{
L′t+1

}
:

L′njt+1 =

N∑
i=1

J∑
k=0

µ′ik,njt L′ikt
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Counterfactual Sequential Competitive Equilibrium (2/2)

4. Solve the temporary equilibrium for each t to get
{
ŵt+1, P̂t+1

}
(see below)

5. Update {ût+1} by simulating backwards:

ûnjt =



(
ŵnjt

P̂nt

)(
N∑
i=1

J∑
k=0

µ′nj,ikt−1 µ̇nj,ikt

(
ûikt+1

)β/ν)ν
for t ≥ 2(

ŵnj1
P̂n1

)(
N∑
i=1

J∑
k=0

µnj,ik1

(
ûik1
)β/ν (

ûik2
)β/ν)ν

for t = 1

6. Iterate steps 1-5 until convergence
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Counterfactual Temporary Equilibrium (1/2)

1. For every t, guess {ŵt+1}
2. Solve for {x̂t+1, P̂t+1} from the following non-linear system using fixed point algorithm:

x̂njt+1 =
(
L̂njt+1

)γnjξn (
ŵnjt+1

)γnj J∏
k=1

(
P̂nkt+1

)γnj,nk

P̂njt+1 =

(
N∑
i=1

π′nj,ijt π̇nj,ijt+1

(
x̂ijt+1κ̂

nj,ij
t+1

)−θj (
Âijt+1

)θjγij)−1/θj

3. Compute {π′t+1}:

π′nj,ijt+1 = π′nj,ijt π̇nj,ijt

(
x̂ijt+1κ̂

nj,ij
t+1

P̂njt+1

)−θj (
Âijt+1

)θjγij
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Counterfactual Temporary Equilibrium (2/2)

4. Solve for {X ′t+1} from the following linear system:

X ′njt+1 =

J∑
k=1

γnk,nj
N∑
i=1

π′ik,nkt+1 X ′ikt+1 + αj

(
J∑
k=1

ŵnkt+1L̂
nk
t+1w

′nk
t L′nkt ẇnkt+1L̇

nk
t+1 + ιnχ′t+1

)

where χ′t+1 =
∑N
i=1

∑J
k=1

ξi

1−ξi ŵ
ik
t+1L̂

ik
t+1w

′ik
t L′ikt ẇikt+1L̇

ik
t+1

5. Update {ŵt+1}:

ŵnkt+1L̂
nk
t+1 =

γnj (1− ξn)

w′nkt L′nkt ẇnkt+1L̇
nk
t+1

N∑
i=1

π′ij,njt+1 X ′ijt+1

6. Iterate steps 1-5 until convergence
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Kleinman, Liu, and Redding (2023)



Equilibrium (1/2)
I Parameters: {ψ, θ, β, ρ, µ, δ}
I Fundamentals: {zit, bit︸ ︷︷ ︸

varying

, κnit, τnit︸ ︷︷ ︸
constant

}

I Initial condition: {`i0, ki0}
I Endogenous variables: {wit, Rit︸ ︷︷ ︸

static

, vit, `it+1, kit+1︸ ︷︷ ︸
dynamic

}

1. Goods market clearing

wit`it =

N∑
n=1

Snitwnt`nt, Snit =

(
wit(`it/kit)

1−µτnit/zit
)−θ∑N

m=1 (wmt(`mt/kmt)1−µτnmt/zmt)
−θ , Tint =

Snitwnt`nt
wit`it

2. Capital market clearing

Rit =

(
1− δ +

1− µ
µ

wit`it
pitkit

)
, pnt =

 N∑
i=1

(
wit

(
1− µ
µ

)1−µ

(`it/kit)
1−µτnit/zit

)−θ−1/θ
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Equilibrium (2/2)

3. Worker value function

vwnt = log bnt + log

(
wnt
pnt

)
+ ρ log

N∑
g=1

(
exp(βEtvwgt+1/κgnt)

)1/ρ
4. Population flow

`gt+1 =

N∑
i=1

Digt`it, Digt =

(
exp(βEtvwgt+1/κgit)

)1/ρ∑N
m=1

(
exp(βEtvwmt+1/κmit)

)1/ρ , Egit =
`itDigt

`gt+1

5. Low of motion for capital

kit+1 = (1− ςit)Ritkit, ς−1it = 1 + βψ
(
Et
[
R
ψ−1
ψ

it+1ς
− 1
ψ

it+1

])ψ
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Existence and Uniqueness of Steady State

I Sufficient condition from Allen, Arkolakis, and Li (2023) generalizing Allen and Arkolakis
(2014)

I Coefficient matrix of parameters (exponents) in the system of equation at steady state

A =


−θ 0 0 0

θ(1− µ) 1 + θµ 1 0
β/ρ −β/ρ 1 −β

0 0 0 1


I Existence and uniqueness of equilibrium if spectral radius of A is less than or equal to one
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Data and Estimation

I Data: `t, kt, wt`t + rtkt, Dt, St

I Calibration

ψ = 1, θ = 5, β = (0.95)5, ρ = 3β, µ = 0.65, δ = 1− (0.95)5

Do comparative statics with respect to each parameter
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Dynamic Hat Algebra - Static (1/2)

ṗit+1 =

(
N∑
m=1

Simt

(
τ̇imtẇmt+1

(
˙̀
mt+1/k̇mt+1

)1−µ
/żmt+1

)−θ)−1/θ

Ṡnit+1 =

(
τ̇nit+1ẇit+1( ˙̀

it+1/k̇it+1)1−µ/żit+1

)−θ
∑N
m=1 Snmt

(
τ̇nmt+1ẇmt+1( ˙̀

mt+1/k̇mt+1)1−µ/żmt+1

)−θ
ẇit+1

˙̀
it+1 =

N∑
n=1

Snitwnt`nt∑N
k=1 Skitwkt`kt

ẇnt+1
˙̀
nt+1

Apply the algorithm for temporary equilibrium as in CDP
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Dynamic Hat Algebra - Dynamic (2/2)

Ḋigt+1 =
u̇gt+2/κ̇

1
ρ

git+1∑N
m=1Dimtu̇mt+2/κ̇

1
ρ

mit+1

`gt+1 =

N∑
i=1

Digt`it

kit+1 = (1− ςit)Ritkit

(Rit − (1− δ)) =
ṗit+1k̇it+1

ẇit+1
˙̀
it+1

(Rit+1 − (1− δ))

ςit+1 = βψRψ−1it+1

ςit
1− ςit

u̇it+1 =

(
ḃit+1

ẇit+1

ṗit+1

) β
ρ

(
N∑
g=1

Digtu̇gt+2/κ̇
1
ρ

git+1

)β

Apply the algorithm for sequential equilibrium as in CDP
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Spectral Analysis

I Analytical characterization of the transition path

I Linearized equilibrium conditions

x̃t+1 = Px̃t + Rf̃

I x̃t = logxt − logx∗

I P,R are functions of parameters and observables
I Stability: spectral radius of P is less than one

I Eigendecomposition: P = UΛU−1

I Eigenvalue λk and eigenvector uk

I Eigen-shock: f̃k = R−1uk, with speed of convergence determined by λk
I Higher λk, higher persistence, slower convergence
I Rank shocks by persistence

I All shocks as linear combinations of eigen-shocks; coefficients obtained from linear projection
I Loadings: importance of each eigen-component and eigenvalue
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